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Abstract

The binary quadratic equation represented by the positive pellian y>=68x2+13 is analysed for its distinct integer solutions. A few
interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained
solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle.
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Introduction

The binary quadratic equation of the form y2 —px? +1 where D is non-square positive integer has been studied by various
mathematicians for its non-trivial integral solutions when D takes different integral values I 4. For an extensive review of various

problems, one may refer [ 2%, In this communication, yet another interesting hyperbola given by y2 — 68x° +13 is considered and
infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented.

Method of Analysis
Consider the binary quadratic equation

y? = 68x% +13 )
Whose smallest positive integer solution is X, =1, Y, =9

To obtain the other solutions of (1), consider the pell equation y2 _ 68x° +1 whose solution is given by

1 1
R = ——gp . Jp = —f 2
n 5 ﬁ689n Yn 5 n
Where,

fr = (33+aves) "+ (33— aves )T,

an =(33+ 4x/§)n+1 ~(ss- 4\/&)n+1, n=0L23....

Applying Brahamagupta lemma between (X ,Y) and (Yn ,yn ) the other integer solutions of (1) are given by
1 9

T ——
*nal T, T Jeg 9N
9 /68

==—f +—
yn+l 2 n 2 gn
The recurrence relations satisfied by the solutions (2) are given by
Xn41 ~ 66X 0 +Xn,3=0
Yni1~66¥Yni2 + Ypy3 =0
Some numerical examples of x & y satisfying (1) are given in the Table 1 below:

Table-1: Examples

n Xn Yn

0 1 9

1 69 569

2 4553 37545

3 300429 2477401
4 19823761 163470921
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From the above table, we observe some interesting relations among the solutions which are presented below:
1. x5 And yp, values are always odd.
2. Each of the following expressions is a nasty number:
27x2n+3 —1707x2n+2 +156
13
9X2n+4 - 37545x2n+2 + 3432
286
36Y5,3 —18768x%,, . 5 +1716
143
108y, 4 —3715248x, . 5 + 339612
28301
l707x2n+4 —112635x2n+3 +156
13
2276Y5 10 — 272%5 . 2 +1716
143
6828y, .3 —56304%,, 5 +156
13
2276y2n+4 —1238416x2n+3 +1716
143
450540y, » — 816X, 4 + 339612
28301
150180 Yon+3 —18768X2n+4 +1716
143
450540 Yonea 3715248x2n+4 +156
13
207Yon, 9 ~3Ypp 3 +196
13
4553y2n+2 ~Yonsa t 3432
286
13659Y5,,,3 — 207Y5, 4 +156

13
3. Each of the following expressions is a cubical integer:

= 676(0%g,, 4 — 5695, 5 )+ 2028(0x,, , —569x. ;)

327184(3%y,, s ~12515%y,, 5 )+981552(3x,,, 5 ~12515x 1 )
= 40898(3ys,,, , ~ 1564y, 5)+122604(3y, , , ~1564x, )
1601893202(9y5.,, 5 — 309604x5,. , 5 )+ 4805679606(9y,,, 5 — 309604x,, ., )
= 676(569%5,,, 5 — 37545%,,,, 4 )+ 2028(569x, , 5 —37545x,, )
- 368082(569y5,, 5 - 68%3,, 4 )+ 1104246(569y, ., — 68x,,.»)
- 338(569ys,, , , - 4692, 4 )+1014(569y,,, , — 4692x, . ,)
368082(569y,,,, —309604x,, ., )+1104246(569y,,,, —309604x,,,)
= 1601893202(37545y,, ., — 684x,, . )+ 4805679606(37545y, ., — 68X, ., )a
40898(12515y,,, —1564x,,,; )+122694(12515y, , —1564x, )
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338(37545y,, & — 300604xg, , ¢ )+ 1014(37545y, 5 —309604x . 5 )

676(69y3,.3 ~ Yan4)+ 2028(69Y, 1 ~ Vp.)
2944656(4553y.,, 5 — Va5 )+ 8833968(4553y, 1 — V.. )

676(4553y,, 4 — 69y, 5 )+ 2028(4553y, ., — 69y, o)

4. Relations among the solutions:
" Yny1=66Yni0 ~Ynus3

4Yni1 = Xne2 ~ 3
" 264y =Xn3 217Xy

" 3341 = Vg2 — 212X
= 2177y, = Yp,3 —17952% 4

" AYq = 33Xn+3 - 2177xn+2

" Y1 =3%n2 272X
Yni1 = Yne3 ~ 944X

] 33yn+1 = 2177yn+2 - 272Xn+3
" Y= 2177yn+3 —17952xn+3

" 264y, 3=217T%X 37 Xy g

4Yn4+3 = 33,3~ *n 12

] 2177xn+2 = 33Xn+1 + 4yn+3
4yn+2 = 33Xn+2 — X

8Yn+2 = Xn43 ~ *nal

] 2177yrl+2 = 33yn+3 - 272xn+1
Ynt2=%n1373%n 2

33Yn12 =Yn13 = 2712%y
Yni2 =33Yny3~272%q 3

Xn43 = 66X 0 =Xy

Remarkable Observation
i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola
which are presented in the Table 2 below:

Table 2: Hyperbolas

S. No. X\Y) Hyperbola
1 (69% 11 ~ X0 9%.0 569, ) v2 _68x 2 = 2704
2 (4553x 1 — X1,3.3% 3 ~12515x, 4 ) ov2 _ 68X % = 11778624
3 (569% 1 — V42,3V ~1564%,,1) oy 2 —34x 2 = 184041
4 (87545%,.1 ~ V4 3.9V 3 ~ 309604, ) v2 _ 68X 2 = 800946601
5 (4553x ., , — 69x,, 5,569x,,, 3 — 37545%,, . » ) v2 _ 68X 2 = 2704
6 (3X,., — 23Y,,,1,569Y,., —68X,,,) v2 _612x 2 —184041
7 (569x,,, , — 69,2569y, , —4692x, , ) v2 _68x2 - 169
8 (12515, 5 — 23y;,,.3,569Yy,.5 ~309604x,,,, v2 —306x % = 184041
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9 (9% 3~ 4553y,,,1,37545y,,, - 68x, 5 v2 _ 68X = 800946601
10 (569, 5 ~ 4853y, » 12515y, , ~1564x,, 3) 9y 2 — 68X 2 — 184041
11 (37545x,,, 5 - 4553y, 5,37545y, , - 309604, 5 v2 _eax? - 160

12 (99142 ~569Y1,41,69%141 ~ Vi1 2) 68Y2 — X2 =183872
13 (8v,y,3 ~12515y,,,1 4558y, - Y, 3) 68Y 2 —9X % = 800946432
14 (569y,,,3 - 37545y, 5,453y, » ~ 69y, 3) 68Y2 — X2 =183872

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola
which are presented in the Table 3 below:

Table 3: Parabolas

S. No. X\Y) Parabola
1 (69,1 =X, 2:9%5 3 ~569%3, ) 34x2 —13v — 676
2 (4553x,,,; - Xn133%on44 ~ 12515%y,, ) 17X 2 —1287Y — 1472328
3 (569% 1 — ¥, 2:3¥o 3 = 1564%, o) 68X % = 1287Y — 184041
4 (87545%,,1 ~ ¥y, 39Y2, 4 ~309604x5,, ) 136X 2 = 28301 — 800946601A
5 (4553x,,, 69, 3,569% 4 ~37545%y,, 3) 34X 2 —13v 676
6 (35,2 ~ 23¥,,1.569Y2, » ~ 68551, ) 408X % =143y — 61347
7 (569x,,, » —69Y,,, 2,569y, 3 — 4692%5, ) 136X 2 =13v 169
8 (12515x,, » — 23y,,, 3,569y, 4 309604y, 3) 204X % =143y — 61347
9 (9%, —4553Y,,,,,37545Y,,,, —68%,,.,) 136X ? = 28301Y —800946601
10 | (569x,,; —4553y,,,12515Y,,. 5 —1564X,,.,) 136X 2 = 1287Y — 184041
11 | (37545x,,, 5 - 4553y, 5,37545Y,,,, , —309604x5,, 4 ) 136X 2 — 137 169
12 (99142 ~569Y,1,1.69Y21, 2 ~ Yo 3) X2 —1768Y — 91936
13 (8v,1.3 ~12515Y,,,1.4553y0, 5 ~ Vo) 3X 2 — 38896Y — 133491072
14 (569y,,, 5~ 37545y, » 4553y, 3~ 691 ) X2 —1768Y — 91936

iii) Consider m = Xni1 + Ypap N = xn+1.0bserve that m > n > 0.Treat m, n as the generators of the Pythagorean Triangle

T(a,ﬂ,y),where a=2mn,ﬁ=m2 —n2,y=m2 +n2

Then the following interesting relations are observed:

a) a-348+33y =-13

136A
b) 35q -y - —— =13
P

68A
¢) 18a —178+16y - " ~13AA

2A
d) ? = Xn41Yn+1

Conclusion
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation

y2 = 68x2 +13. As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of

positive pell equations and determine their integer solutions along with suitable properties.
62



International Journal of Advanced Education and Research

References

1.

o krown

e

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Dickson LE. “History of theory of Number”, Chelsa Publishing Company,

Newyork. 1952, 2.

Mordel LJ. “Diophantine Equations”, Academic Press, New york, 1969.

Telang SJ. ““ Number theory”, Tata McGraw Hill Publishing Company Limited, New Delhi,

David M Burton. “Elementary Number Theory”, Tata McGraw Hill Publishing Company Limited, New Delhi, 2002.

Gopalan MA, Vidhyalakshmi S, Devibala S. “On the Diophantine Equation 3x2 + xy =14” Acta Cinecia Indica, 2007, vol-
XXXIIM, No.2, 645-648.
2

Gopalan MA, Janaki G, “Observations on y2 =3x" +1”, Acta Cinecia Indica, XXIVM, 2008; 2:693-696.

Gopalan MA, Sangeetha G, “A Remarkable Observation on y2 = 10x2 +17, Impact Journal of science and Technology. 2010;
4(1):103-106.

Gopalan MA, Vijayalakshmi R. “Observations on the integral solutions of y2 :5X2 +17, Impact Journal of science and
Technology, 2010; 4(4):125-129.

Gopalan MA, Sivakami B. “Observations on the integral solutions of y2 =7x2 +1”, Antarctica Journal of Mathematics.
2010; 7(3):291-296.

Gopalan MA, Yamuna RS, “Remarkable Observations on the binary quadratic equation y2 = (k2 +1}<2 +1ke Z—{O}”,
Impact Journal of science and Technology. 2010; 4(4):61-65.
Gopalan MA, Vijayalakshmi R. “Special Pythagorean triangle generated through the integral solutions of the equation

2 _ (1,2 _1)2
y = (k l)X +1”, Antarctica Journal of Mathematics, 2010; 7(5):503-507.

=2x% +1

2
Gopalan M.A and Srividhya G, “Relations among M-gonal Number through the equation y ”, Antarctica Journal

of Mathematics. 2010; 7(3):363-369.
Gopalan MA, Palanikumar R. “Observation on y2 = 12x2 +17, Antarctica Journal of Mathematics, 2011; 8(2):149-152.

=12x* -3

2
Gopalan MA, Vidhyalakshmi S, Usha Rani TR, Mallika S. “Observations on y ”, Bessel Journal of Math. 2012;

2(3):153-158.

. : . . y? =24x%* +1
Gopalan MA, Vidhyalakshmi S, Umarani J, “Remarkable Observations on the hyperbola
athematics and statistics Research. 2013; 1:9-12.

” Bulletin of

2 _ 2
Gopalan MA, Vidhyalakshmi S, Maheswari D, “Observations on the hyperbolay = 30x +l”, International Journal of

Engineering Research. 2013; 1(3):312-314.

: Do . y2 =72x* +1
Geetha T, Gopalan MA, Vidhyalakshmi S, “Observations on the hyperbola
Mathematics and statistics. 2014; 1(1):1-3.

Gopalan MA, Sivakami B. “Special Pythagorean triangle generated through the integral solutions of the equation

y2 = (k2 + 2k)x2 +17, Diaphantus. J.math. 2013: 2(1):25-30.

”, Scholars Journal of physics,

: : : , y? =110x° +1 ,
Gopalan MA, Vidhyalakshmi S, Usha Rani TR, Agalya K. “Observations on the hyperbola ”, International
Journal of multidisciplinary Research and
Development. 2015; 2(3):237-239.
_ _ _ o . y> =60x* +4
Vidhyalakshmi S, Gopalan MA, Sumithra S, Thiruniraiselvi N. “Observations on the hyperbola ”, JIRT.

2014; 1(11):119-121.

63



